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SEGMENT INEQUALITY AND ALMOST RIGIDITY STRUCTURES FOR INTEGRAL
RICCI CURVATURE
LINA CHEN
Abstract. We will show the Cheeger-Colding segment inequality for manifolds with integral Ricci curvature
bound. By using this segment inequality, the almost rigidity structure results for integral Ricci curvature
will be derived by a similar method as in [2].
1. Introduction
This paper is concerned with Riemannian manifolds with integral Ricci curvature bound. Consider a n-
manifold M . For each x ∈M let ρ (x) denote the smallest eigenvalue for the Ricci tensor Ric : TxM → TxM .
For a constant H , let ρH = max{−ρ(x) + (n− 1)H, 0} and for R > 0, let
k¯(H, p) =
(
1
vol(M)
∫
M
ρpHdv
) 1
p
=
(
−
∫
M
ρpHdv
) 1
p
, k¯(H, p,R) = sup
x∈M
(
−
∫
BR(x)
ρpHdv
) 1
p
.
Then k¯(H, p)/k¯(H, p,R) measures the average amount of Ricci curvature lying below a given bound, in this
case, (n− 1)H , in the Lp sense. Clearly k¯(H, p) = 0 iff RicM ≥ (n− 1)H .
For a complete n-manifold M with Ricci curvature lower bound, RicM ≥ (n − 1)H , Cheeger-Colding [2]
showed that the almost rigidity properties hold on M : almost volume cone implies almost metric cone and
almost splitting theorem holds. And in [3, 4, 5], they studied the degeneration of the convergent sequences
of manifolds with lower Ricci curvature bound and derived many basic properties about the regularity and
singularity of the limit spaces and the stability of the sequences, for instance, they proved that the regular
set has full measure and volume is convergence in the non-collapsing case (see [9] for the smooth case). Since
then many importance works about manifolds with bounded Ricci curvature were done, like Colding-Naber’s
([7]) sharp Ho¨lder continuity of geodesic balls in the interior of segments and Cheeger-Naber [6] proved the
codimension 4 conjecture.
For complete n-manifolds {(M,x)} with integral Ricci curvature bound, k¯(H, p, 1) is sufficient small, an
interesting question is whether {(M,x)} have similar geometric/topological properties or degenerations as
manifolds with Ricci curvature lower bound.
In [12], Petersen-Wei showed that with integral Ricci curvature bound, the Laplacian comparison and
relative volume comparison hold (see [10] for an improved relative volume comparison). And then by using
similar methods as Cheeger-Colding [2, 3, 4, 5], Petersen-Wei [13] and Tian-Zhang [14] showed that when the
volume of a unit ball has definite positive lower bound, vol(B1(x)) ≥ v > 0, which is called non-collapsing
case, the almost rigidity structure and degeneration results hold for integral Ricci curvature. In the collapsing
case i.e., vol(B1(x)) can be arbitrary small, Dai-Wei-Zhang [11] derived a local sobolev constant estimate on
manifolds with integral Ricci curvature bound and thus the gradient estimate and maximal principle hold too.
A question that one can not generate Cheeger-Colding’s results to manifolds with integral Ricci curvature
bound in the collapsing case similarly as in the non-collapsing case is that there is no general Cheeger-Colding
segment inequality in the collapsing case.
In this paper, we will prove the following segment inequality in manifolds with integral Ricci curvature
bound which has improved [14, Proposition 2.30] (see Corollary 3.1 and Corollary 3.2) and is effective in the
collapsing case. In the following, we will always assume H ≤ 0 for simplicity where when H > 0, we should
assume upper bound of the radius r < pi
2
√
H
.
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Consider a complete n-manifold M and a function u : M → R. For y, z ∈M , let
Fu(y, z) = inf
{∫
γ
u, γ is a minimal normal geodesic from y to z
}
.
Theorem 1.1 (Segment inequality). Given n > 0, p > n2 , H, let M be a complete n-manifold. For a geodesic
ball Br(x) ⊂ M , r < R, let A1, A2 be two measurable subsets of Br(x). Then for any function u in M
satisfying that |Fu(y, z)| ≤ C0 for each point (y, z) ∈ B2r(x) ×B2r(x), the following holds∫
A1×A2
|Fu(y, z)| dydz ≤ 2c(n,H,R)r (vol(A1) + vol(A2))
(∫
B2r(x)
|u|+ C0 vol(B2r(x))k¯
1
2 (H, p, 2r)
)
,
where
c(n,H,R) = sup
0< t
2
≤s≤t≤2R
AH(t)
AH(s)
,
and AH(t)dθdt is the volume element of the simply connected n-space form M
n
H of constant curvature H.
Remark 1.2. (1.2.1) In Cheeger-Colding segment inequality [2], it assumes that u is nonnegative.
(1.2.2) For manifolds with integral Ricci curvature bound, we always assume k¯(H, p, 1) ≤ δ < δ(n, p). By
Lemma 2.2, we know that:
(1.2.2a) For each R ≥ 1, k¯(−1, p, R) ≤ B2(n,H)k¯(H, p, 1), thus when we apply Theorem 1.1 in balls with
radius R ≥ 1, we have∫
A1×A2
|Fu(y, z)| dydz ≤ 2c(n,H,R)r (vol(A1) + vol(A2))
(∫
B2r(x)
|u|+ C0 vol(B2r(x))B(n,H)k¯
1
2 (H, p, 1)
)
.
(1.2.2b) For each r < 1, we have r2k¯(−1, p, r) ≤ Ψ(r|n, p,H)k¯(H, p, 1), thus∫
A1×A2
|Fu(y, z)| dydz ≤ 2c(n,H) (vol(A1) + vol(A2))
(
r
∫
B2r(x)
|u|+ C0 vol(B2r(x))Ψ(r|n, p,H)k¯
1
2 (H, p, 1)
)
,
where Ψ is a function such that Ψ→ 0 if r → 0 and n, p,H fixed.
Thus we can apply Theorem 1.1 to any balls under the condition k¯(H, p, 1) ≤ δ < δ(n, p).
By using the segment inequality and Dai-Wei-Zhang’s work [11], as [2] we can prove the following almost
rigidity structure in manifolds with integral Ricci curvature bound.
Theorem 1.3 (Almost rigidity struture). Given n > 0, H, p > n2 , there exist δ0 = δ(n,H, p) > 0 and
ǫ0 = ǫ(n,H, p) > 0, such that for any δ < δ0, ǫ < ǫ0, if a complete n-manifold M satisfies k¯(H, p, 1) < δ, then
(1.3.1) Almost splitting: when H = 0, for any q± ∈ M with L = d(q+, q−) < δ−
p
2 , for x ∈ M with
d(x, q±) ≥ Lr and e(x) = d(x, q+) + d(x, q−)− L ≤ ǫ, where Lthere exists a length space X such that
dGH(Br(x), Br((0, x
∗))) ≤ Ψ(δ, ǫ, L−1|n, p, r),
where Br((0, x
∗)) ⊂ R×X.
(1.3.2) Almost metric cone: if for 0 < a < b
(1.1) (1 + ǫ)
vol(∂Bb(x))
vol(∂BHb )
≥
vol(∂Ba(x))
vol(∂BHa )
,
then for each α > 0, there exists a compact length space X with diam(X) ≤ (1 + Ψ(ǫ, δ|n, p,H, a, b, α))π,
dGH(Aa+α,b−α(x), Aa+α,b−α((0, x∗))) ≤ Ψ(ǫ, δ|n, p,H, a, b, α),
where Aa+α,b−α((0, x∗)) ⊂ R×snH (t) X, B
H
r ⊂M
n
H and Aa,b(x) = Bb(x) \ B¯a(x),
snH(t) =


sin
√
Ht√
H
, H > 0;
t, H = 0;
sinh
√−Ht√−H , H < 0.
Remark 1.4. (1.4.1) In [2], the almost volume cone condition is
(1.2)
vol(Aa,2b(x))
vol(∂Ba(x))
≥ (1 + ǫ)
vol(AHa,2b)
vol(∂BHa )
.
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By relative volume comparison, for k¯(H, p, 1) ≤ δ, we have that (1.2) implies (1.1). More precisely, we have
(1 + Ψ(ǫ, δ|n, p,H, a, b))
vol(∂Bb(x))
vol(∂BHb )
≥
vol(∂Ba(x))
vol(∂BHa )
.
(1.4.2) For a = 0, by relative volume comparison (2.4), its the almost maximal volume case (see [14,
Theorem 2.34]):
(1 + Ψ(ǫ, δ|n, p,H, b)) vol(Bb(x)) ≥ vol(B
H
b ).
A direct corollary of (1.3.1) is that the splitting theorem holds in the limit spaces of integral Ricci curvature
bound sequences.
Corollary 1.5. Given n, p > n2 , assume (X, d) is a Gromov-Hausdorff limit of a sequence of complete
n-manifolds (Mi, xi) with k¯Mi(0, p, 1) ≤ δi → 0. Then if X contains a line, (X, d) splits out a R factor
isometrically, i.e.
(X, d) ∼= (R× Y, dR × dY ),
where (Y, dY ) is length space.
For a limit space (X, d, ν) as in Corollary 1.5, where the radon measure ν is a limit of vol(·)vol(B1(xi)) , a point
x ∈ X is called a regular point if there is an integer k such that any tangent cone at x is isometric to Rk (see
Section 3 for more details). And the set of regular points is denote by R. By the splitting theorem and some
basic results of geometric measure theory, as in [3], we have that
Theorem 1.6. For a limit space (X, d, ν) as above, the regular set R has full measure.
The paper is organized as follows. In section 2, we will supply some preliminaries about manifolds with
integral Ricci curvature bound. In section 3, we will give the proof of our main results.
2. Preliminaries
In this section, we will supply some notions and properties we need in manifolds with integral Ricci
curvature bound.
For a complete n-manifold M , x ∈ M , let M \ Cutx be equipped with the polar coordinate and let
A(t, θ)dθdt be the volume element. Let A(t, θ) = 0 when t increases and A(t, θ) is undefined. Let r = d(x, ·)
be the distance function from x and let ψ = max{∆r −∆Hr, 0}, where ∆H is the Laplacian operator in the
simply connected space MnH with constant sectional curvature H . Then ψ = 0 if RicM ≥ (n− 1)H .
Theorem 2.1. Give n, p > n2 ,r > 0, H, for a complete n-manifold M , fix x ∈M , then the following holds:
(2.1.1) Laplacian comparison estimates [12, Lemma 2.2]:∫ r
0
ψ2pA(t, θ)dt ≤ c(n, p)2p
∫ r
0
ρpH A(t, θ)dt,(2.1)
where c(n, p) =
(
(n−1)(2p−1)
2p−n
) 1
2
;
(2.1.2) Relative volume comparison: [12, 10]: There exists δ0 = δ(n, p,H), such that if k¯(H, p, 1) ≤ δ ≤ δ0,
then for each 0 < r < R,
(2.2)
vol(BR(x))
vol(BHR )
≤ ec(n,p,H)(max{R,1}−r)δ
1
2 vol(Br(x))
vol(BHr )
.
(2.3) vol(Br(x)) ≤ e
c(n,p,H) max{r,1}δ 12 vol(BHr ).
(2.4)
vol(∂Br(x))
vol(Br(x))
≤
vol(∂BHr )
vol(BHr )
+ c(n, p)k¯
1
2 (H, p, r).
By the relative volume comparison and a simple packing argument, we have that
Lemma 2.2 ([13]). Given n, p > n2 , H, there is δ = δ(n, p,H) > 0 such that if a complete n-manifold M
satisfies k¯(H, p, 1) ≤ δ, then for any R ≥ 1 ≥ r > 0, we have that
(2.5) k¯(H, p,R) ≤ B(n,H)2 k¯(H, p, 1),
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and
(2.6) k¯r−1M (0, p, 1) ≤ Ψ(δ, r|n,H, p),
where B(n,H) =
(
2
vol(BH
1
)
vol(BH
1
2
)
) 1
2p
and r−1M denote (M, r−2g), g is the Riemannian metric of (M, g).
Proof. Take δ = δ(n, p,H) such that in (2.2), for any 0 ≤ r1 ≤ r2 ≤ 1,
vol(Br2(x))
vol(BHr2)
≤ 2
vol(Br1(x))
vol(BHr1)
.
For R > 1, for any x ∈M , take a maximal set {xi ∈ BR(x)}, such that for i 6= j, d(xi, xj) ≥ 1. Then
−
∫
BR(x)
ρpHdv ≤
1
vol(BR(x))
∑
i
∫
B1(xi)
ρpH
≤
∑
i vol(B1(xi))
vol(BR(x))
k¯p(H, p, 1)
=
∑
i vol(B 12 (xi))
vol(B1(xi))
vol(B 1
2
(xi))
vol(BR(x))
k¯p(H, p, 1)
≤ 2
∑
i vol(B 12 (xi))
vol(BR(x))
vol(BH1 )
vol(BH1
2
)
k¯p(H, p, 1)
≤ B2p(n,H)k¯p(H, p, 1).
For r < 1, since p > n2 ,
r2k¯(H, p, r) ≤ r2
(
sup
x
vol(B1(x))
vol(Br(x))
) 1
p
k¯(H, p, 1) ≤ r2
(
vol(BH1 )
vol(BHr )
) 1
p
k¯(H, p, 1) ≤ Ψ(r|n, p,H)δ.
And since
k¯r−1M (r
2H, p, 1) = r2k¯(H, p, r), k¯(0, p, 1) ≤ c(n,H)k¯(H, p, 1) + (n− 1)H,
we derive that
k¯r−1M (0, p, 1) ≤ Ψ(δ, r|n,H, p).

By the relative volume comparison, the set of manifolds with integral Ricci curvature bound is precompact.
Theorem 2.3. [12, Corollary 1.3] [1, Theorem 6.0.15] For n ≥ 2, p > n2 , H, there exists c(n, p,H) such that
if a sequence of compact Riemannian n-manifold Mi satisfies that diam(Mi)
2k¯i(H, p) ≤ c(p, n,H), then for
any normal Riemannian cover πi : M¯i → Mi and any x¯i ∈ M¯i, the sequence (M¯i, x¯i) admits a subsequence
that converges in the pointed Gromov-Hausdorff topology.
In [11], a local Sobolev constant estimate is obtained for integral Ricci curvature. By this Sobolev constant
estimate, the following maximal principle, gradient estimate and the mean value inequality hold.
Theorem 2.4 ([11] Maximal principle). Given n > 0, p, q > n2 , H and R > 0, there exist δ = δ(n,H, p, q, R) >
0 and c(n,H, p, q, R) > 0 such that if a complete n-manifold M satisfies k¯(H, p,R) ≤ δ, then for r ≤ R and
for any function u : Ω→ R with ∆u ≥ f ,
sup
Ω
u ≤ sup
∂Ω
u+ c(n,H, p,R)
(
−
∫
Ω
|max{0,−f}|q
) 1
q
,
where Ω ⊂ BR(x) has smooth boundary and ∂Ω ∩ ∂BR(x) = ∅.
Theorem 2.5 ([11] Gradient estimate). Let the assumption be as in Theorem 2.4 and let u : BR(x) → R
satisfying that ∆u = f . Then
sup
BR
2
(x)
|∇u|2 ≤ c(n,H, p,R)

−∫
BR(x)
u2 +
(
−
∫
BR(x)
f2p
) 1
p

 .
SEGMENT INEQUALITY AND ALMOST RIGIDITY STRUCTURES FOR INTEGRAL RICCI CURVATURE 5
Theorem 2.6 ([11] Mean value inequality). Given n > 0, p > n2 , there exist δ(n, p) > 0, C(n, p) > 0,
such that if a complete n-manifold satisfies k¯(−1, p, 1) ≤ δ(n, p), then for each nonnegative function u in
M × [0, r2], r < 1 with
∂
∂t
u ≥ ∆u− f,
where f is a nonnegative function, then for any q > n2 ,
−
∫
B r
2
(x)
u ≤ C(n, p)u(x, r2) + r2 sup
0≤t≤r2
(
−
∫
Br(x)
f q
)1/q
.
Corollary 2.7 ([11]). Assume as above, then for each nonnegative function u in M , r < 1 with ∆u ≤ f,
−
∫
B r
2
(x)
u ≤ C(n, p)

u(x) + r2
(
−
∫
Br(x)
max{0, f}p
)1/p .
By maximal principle Theorem 2.4, we have the Cheeger-Colding cut-off function for integral Ricci curva-
ture.
Lemma 2.8 ([11] Cut-off function). Given n,R > 0, p > n2 , there exist δ = δ(n, p,H,R), c(n,H, p,R) > 0
such that if k¯(H, p,R) ≤ δ, then for any x ∈ M , there exists φ : M → [0, 1], φ|BR
2
(x) = 1, φ ∈ C
∞
0 (BR(x))
and
R2|∆φ| +R|∇φ| ≤ c(n,H, p,R).
3. Segment inequality and Almost rigidity structure for integral Ricci curvatue
In this section, we will give the proof of Theorem 1.1. And then Theorem 1.3 will follow by using
Theorem 1.1, Theorem 2.4, Theorem 2.5 and Lemma 2.8 and a similar argument as in [2] (see [13, 14] for
the non-collapsing case).
3.1. Segment inequality.
Proof of Theorem 1.1. For each y ∈ A1, let
Ωy = {(t, θ) ∈ TyM, expy(tθ) ∈ A2 \ Cuty, d(y, expy(tθ)) = t}.∫
A2
|Fu(y, z)| dz
=
∫
A2\Cuty
|Fu(y, z)| dz
=
∫
(t,θ)∈Ωy
∣∣∣∣
∫ t
0
u(expy(sθ))ds
∣∣∣∣A(t, θ)dtdθ
≤
∫
(t,θ)∈Ωy
∣∣∣∣∣
∫ t
2
0
u(expy(sθ))ds
∣∣∣∣∣A(t, θ)dtdθ +
∫
(t,θ)∈Ωy
∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣A(t, θ)dtdθ.
Let
F1(y, z) =
∣∣∣∣∣
∫ t
2
0
u(expy(sθ))ds
∣∣∣∣∣ , F2(y, z) =
∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣ .
Since
d
dr
A(r, θ)
AH(r)
≤ ψ(r, θ)
A(r, θ)
AH(r)
,
for t ≤ r,
(3.1)
A(r, θ)
AH(r)
−
A(t, θ)
AH(t)
≤
∫ r
t
ψ(τ, θ)
A(τ, θ)
AH(τ)
dτ.
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Then for any fixed (t, θ) ∈ Ωy and for each s0 ∈ [
t
2 , t],∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣A(t, θ)
≤
∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣
(
A(s0, θ)
AH(t)
AH(s0)
+AH(t)
∫ t
s0
ψ
A(τ, θ)
AH(τ)
dτ
)
≤
∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣ AH(t)AH(s0)
(
A(s0, θ) +
∫ t
s0
ψA(τ, θ)dτ
)
≤ sup
t
2
≤s≤t≤2R
AH(t)
AH(s)
(∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣A(s0, θ) +
∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣
∫ t
s0
ψA(τ, θ)dτ
)
≤ c(n,H,R)
∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣A(s0, θ) + c(n,H,R)C0
∫ t
t
2
ψA(τ, θ)dτ
≤ c(n,H,R)
∫ t
t
2
∣∣u(expy(sθ))∣∣ dsA(s0, θ) + c(n,H,R)C0
∫ t
t
2
ψA(τ, θ)dτ,
where
c(n,H,R) = sup
0< t
2
≤s≤t≤2R
AH(t)
AH(s)
.
Thus ∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣A(t, θ)
≤ c(n,H,R)
∫ t
t
2
∣∣u(expy(sθ))∣∣ inf
t
2
≤s0≤t
A(s0, θ)ds+ c(n,H,R)C0
∫ t
t
2
ψA(τ, θ)dτ
≤ c(n,H,R)
∫ t
t
2
∣∣u(expy(sθ))∣∣A(s, θ)ds+ c(n,H,R)C0
∫ t
t
2
ψA(τ, θ)dτ.
And then ∫
A2
F2(y, z)dz(3.2)
=
∫
(t,θ)∈Ωy
∣∣∣∣∣
∫ t
t
2
u(expy(sθ))ds
∣∣∣∣∣A(t, θ)dtdθ
≤ c(n,H,R)
∫
(t,θ)∈Ωy
(∫ t
t
2
∣∣u(expy(sθ))∣∣A(s, θ)ds+ C0
∫ t
t
2
ψA(τ, θ)dτ
)
dtdθ
≤ c(n,H,R)
∫
Sn−1
∫ 2r
0
(∫ t
t
2
∣∣u(expy(sθ))∣∣A(s, θ)ds+ C0
∫ t
t
2
ψA(τ, θ)dτ
)
dtdθ,
≤ c(n,H,R) · 2r
(∫
B2r(x)
|u|+ C0
∫
B2r(x)
ψ
)
,
∫
A1×A2
F2(y, z)dvydvz ≤ 2c(n,H,R)r vol(A1)
(∫
B2r(x)
u+ C0
∫
B2r(x)
ψ
)
.
Similarly, we have that∫
A1×A2
F1(y, z)dvydvz ≤ 2c(n,H,R)r vol(A2)
(∫
B2r(x)
u+ C0
∫
B2r(x)
ψ
)
.
Finally, using Ho¨lder inequality and Laplacian comparison (2.1), we derive the result. 
If u is non-negative and has C0 bound, then Theorem 1.1 is just [14, Proposition 2.29].
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Corollary 3.1. If ‖u‖C0(BR(x)) ≤ C0, u ≥ 0, then∫
A1×A2
Fu(y, z) ≤ 2c(n,H,R)r(vol(A1) + vol(A2))
(∫
B2r(x)
u+ rC0
∫
B2r(x)
ψ
)
.
Comparing with [14, Proposition 2.30], we have that
Corollary 3.2. Assume u ∈ C∞(BR(x)) satisfies that |∇u| ≤ Λ. Then for any unit speed geodesic γ from
y ∈ A1 to z ∈ A2, the following holds:∫
A1×A2
| 〈∇u, γ′〉 (y)− 〈∇u, γ′〉 (z)| ≤ 2c(n,H,R)r (vol(A1) + vol(A2))
(∫
B2r(x)
|Hessu |+ 2Λ
∫
B2r(x)
ψ
)
.
Proof. Let f(γ(s)) = Hessu(γ
′, γ′)(γ(s)). Then by |Ff (y, z)| = | 〈∇u, γ′〉 (γ(0))− 〈∇u, γ′〉 (γ(d(y, z)))| ≤ 2Λ,
the result is derived. 
Consider a sequence of complete n-manifolds (Mi, xi) with k¯i(H, p, 1) ≤ δi → 0. By the precompactness
(Theorem 2.3) and a similar argument as in [3], passing to a subsequence, there is a metric measure space
(X, x, d, ν), such that
(
Mi, xi, gi,
vol(·)
vol(B1(xi))
)
is measured Gromov-Hausdorff convergent to (X, x, d, ν), where
ν is a Radon measure and satisfies that for y ∈ X , 0 < r1 < r2,
ν(Br1(y))
ν(Br2(y))
≥
vol(BHr1)
vol(BHr2)
.
And (X, d, ν) is called a limit space. In (X, d, ν), a limit geodesic γ : [0, l]→ X is a geodesic which is a limit
of a sequence of geodesics γi : [0, li] → Mi, i.e., li → l and γi → γ. Then as in [5], we have the segment
inequality in the limit spaces.
Corollary 3.3. Let (X, x, d, ν) be as the above. Then for any geodesic ball Br(x), r < R, measurable subsets
of Br(x), A1, A2 and a function u ∈ Lq(X, ν), (q > 1), satisfying that |Fu(y, z)| is bounded for any points
(y, z) ∈ B2r(x) ×B2r(x), the following holds∫
A1×A2
|Fu(y, z)| dydz ≤ 2c(n,H,R)r (ν(A1) + ν(A2))
∫
B2r(x)
|u|,
where Fu(y, z) = inf
{∫
γ u(γ(t)), γ is a limit geodesic connecting y, z
}
.
Proof. Assume |Fu(y, z)| ≤ C0. Write u = u+ − u−, where u+ = max{0, u} and u− = max{0,−u}. Then as
the discussion in [5, Theorem 2.6], there are nondecreasing continuous functions: hj → u+, fj → u− and
Fu+ = lim
j→∞
Fhj , Fu− = lim
j→∞
Ffj .
Then continuous functions
hj − fj → u, Fu = lim
j→∞
Fhj−fj ,
and for j large,
∣∣Fhj−fj ∣∣ ≤ 2C0. Now without loss of generality, we may assume u is continuous. Then by
using (2.3), (2.5) and a straightforward limit argument as in [5], we derive the result. 
3.2. Almost rigidity results. To prove the almost rigidity results Theorem 1.3, first recall the following
excess estimate.
Theorem 3.4 ([13] Excess estimate). Given n, r > 0, p > n2 , there exist ǫ(n, p, r), δ(n, p, r) > 0, such that
for ǫ < ǫ(n, p, r), δ ≤ δ(n, p, r), if a complete n-manifold M satisfies that for q+, q−, x ∈M ,
k¯(0, p, 1) ≤ δ, d(q+, q−) = L < δ−
p
2 , d(q+, x), d(q−, x) ≥ Lr, eq+,q−(x) ≤ ǫ,
where eq+,q−(x) = d(q+, x) + d(q−, x)− L, then for each y ∈ B r2 (x),
eq+,q−(y) ≤ Ψ(ǫ, δ, L
−1|n, p, r).
Note that in [13], the excess estimate is proved in the non-collapsing case. Here we write a proof by using
Corollary 2.7 (see also [11, Theorem 5.6]).
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Proof. Let u(y) = eq+,q−(y) and let ψ± = max{∆d(·, q±)−∆d(·, q±), 0}. Then for y ∈ Br(x),
∆u(y) ≤
2(n− 1)
Lr − r
+ ψ+ + ψ−.
By Corollary 2.7,
−
∫
B r
2
(x)
u(y) ≤ c(n, p)

e(x) + r2
(
−
∫
Br(x)
(
2(n− 1)
Lr − r
+ ψ+ + ψ−
)2p
p
)1/2p
≤ c′(n, p)

e(x) + r2

2(n− 1)
Lr − r
+
(
−
∫
Br(x)
ψ2p+
)1/2p
+
(
−
∫
Br(x)
ψ2p−
)1/2p

 .
Since L < δ−
p
2 , we know that(
−
∫
Br(x)
ψ2p±
) 1
2p
≤
(
1
vol(Br(y))
∫
BL+2r(q±)
ψ2p±
) 1
2p
≤ c(n, p)
(
1
vol(Br(y))
∫
BL+2r(q±)
ρpH
) 1
2p
≤ c(n, p)
(
L+ 2r
r
) 1
2p
k¯
1
2 (0, p, L+ 2r)
≤ c(n, p)
(
L+ 2r
r
) 1
2p
δ
1
2
< C(n, p)δ
1
4 .
Thus
−
∫
B r
2
(x)
u(y) ≤ Ψ(ǫ, δ, L−1|n, p, r).
Since u is 2-Lipschitz, we have that for y ∈ B r
2
(x),
u(y) ≤ Ψ(ǫ, δ, L−1|n, p, r).

Let h± be the harmonic functions on Br(x) with h±|∂Br(x) = b±|∂Br(x). Then as in [13], we have that
Lemma 3.5. Let the assumption be as in Theorem 3.4, then
|h± − b±| ≤ Ψ(ǫ, δ, L−1|n, p, r);
−
∫
B r
2
(x)
|∇h± −∇b±| ≤ Ψ(ǫ, δ, L−1|n, p, r);
−
∫
B r
2
(x)
|Hessh± |
2 ≤ Ψ(ǫ, δ, L−1|n, p, r).
Now just following the proof in [2] (see also [8]) by using the segment inequality Theorem 1.1, we can
prove the almost splitting theorem (1.3.1). Note that to apply our segment inequality Theorem 1.1 to test
the Pythagorean theorem, we use
∣∣∣∫γ Hessh(γ′, γ′)
∣∣∣ instead of ∫γ |Hessh |.
To prove the almost metric cone structure, we just need to show
Lemma 3.6. Let the assumption be as in (1.3.2), then there is f˜ such that for r(y) = d(x, y),∣∣∣f˜ − f ∣∣∣ ≤ Ψ, on Aa+Ψ,b−Ψ(x), C0 − estimate,
−
∫
Aa+Ψ,b−Ψ(x)
∣∣∣∇f˜ −∇f ∣∣∣2 ≤ Ψ, C1 − estimate,
−
∫
Aa−α,b−α(x)
∣∣∣Hessf˜ −f ′′∣∣∣2 ≤ Ψ, C2 − estimate,
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where
f = −
∫ b
t
snH(s)ds,
and Ψ = Ψ(ǫ, δ|n, p,H, a, b) or Ψ(ǫ, δ|n, p,H, a, b, α).
The proof of the above lemma is just as in [2]. In fact, take f˜ as{
∆f˜ = n sn′H(r), in Aa,b(x);
f˜ = f, on ∂Aa,b(x).
The key point is the Laplacian estimate of f˜ . For simplicity, let H = 1. Then
−
∫
Aa,b
∆f˜ = −
∫
Aa,b
n cos r =
1
vol(Aa,b(x))
∫ b
a
∫
Sn−1
n cos rA(r, θ)dθdr
≤
1
vol(Aa,b(x))
∫ b
a
∫
Sn−1
n cos r
(
A(a, θ)
AH(r)
AH(a)
+AH(r)
∫ r
a
ψ(s, θ)
A(s, θ)
AH(s)
ds
)
=
1
vol(Aa,b(x))
(
sinn b − sina
sinn−1 a
vol(∂Ba(x)) +
∫
Sn−1
∫ b
a
sinn b− sinn s
sinn−1 s
ψA(s, θ)dsdθ
)
≤
1
vol(Aa,b(x))
(
sinn b − sinn a
sinn−1 a
vol(∂Ba(x)) +
(
sinn b
sinn a
− sina
)∫
Bb(x)
ψ
)
And by Laplacian comparison,∫
Aa,b(x)
∆f˜ = lim
σ→0
∫
Aa,b(x)\Uσ
−∆cos r
≥ lim
σ→0
∫
Aa,b(x)\Uσ
−∆cos r − sin rψ
≥ lim
σ→0
∫
∂Uσ∩Aa,b(x)
〈−∇ cos r,N〉+
(∫
∂Bb(x)
−
∫
∂Ba(x)
)
〈−∇ cos r,N〉 − sin b
∫
Bb(x)
ψ
≥ sin b vol(∂Bb(x)) − sin a vol(∂Ba(x)) − sin b
∫
Bb(x)
ψ,
where C is the cut locus of x and Uσ ⊂ Bσ(C \ {x}) which has piecewise smooth boundary, N is taken
such that 〈∇r,N〉 > 0 and without loss of generality we may assume vol(∂Ba(x) \ C) = vol(∂Ba(x)),
vol(∂Bb(x) \ C) = vol(∂Bb(x)).
Then
− sin bk¯
1
2 (H, p, b) ≤ −
∫
Aa,b(x)
∆f −∆(− cos r)
≤ sin b
vol(∂B1b)
vol(Aa,b(x))
(
vol(∂Ba(x))
vol(∂B1a)
−
vol(∂Bb(x))
vol(∂B1b)
)
≤ ǫ sin b
vol(∂B1b)
vol(Aa,b(x))
vol(∂Bb(x))
vol(∂B1b)
≤ ǫ(1 + Ψ(δ|n, p, a, b)) sin b
vol(∂B1b)
vol(A1a,b)
≤ Ψ(ǫ, δ|n, p, a, b),
where we use that, by (3.1), for a ≤ s ≤ t ≤ b,
vol(∂Bt(x))
vol(∂BHt )
−
vol(∂Bs(x))
vol(∂BHs )
≤ 2
vol(BHb )
vol(∂BHa )
k¯
1
2 (H, p, b) ≤ Ψ(δ|n, p,H, a, b),
and thus
vol(Aa,b(x))
vol(AHa,b)
≥ (1 + Ψ(δ|n, p,H, a, b))
vol(∂Bb(x))
vol(∂BHb )
.
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Now by a standard argument as in [2, 8], we can show that f˜ satisfies Lemma 3.6. First, using maximal
principle Theorem 2.4, derive |f˜ − f | ≤ c(n, p, a, b) and then integral by part, we have C1-estimate by the
above Laplacian estimate. And by gradient estimate Theorem 2.5, we have the upper bound of |∇f˜ −∇f | ≤
c(n, p, a, b). Then using segment inequality Theorem 1.1 and C1-estimate, the C0-estimate is derived. Finally
apply cut-off function Theorem 2.8 and Bochner’s formula, we have the C2-estimate.
As the discussion in almost splitting (1.3.1), to prove the cosine law of (1.3.2) by using Lemma 3.6 and
Theorem 1.1, we will use
∣∣∣∫γ Hessf˜ (γ′, γ′)
∣∣∣ instead of ∫γ
∣∣∣Hessf˜ ∣∣∣.
Finally, recall that a ǫ-splitting map b = (b1, · · · , bk) : Br(x)→ R
k is a harmonic map such that
|∇bj | ≤ c(n), ∀ j;
−
∫
Br(x)
∑
j,l
|〈∇bj ,∇bl〉 − δjl|
2 + r2
∑
j
‖Hessbj ‖
2 ≤ ǫ2.
Then we have that
Theorem 3.7. Given n > 0, p > n2 , consider a sequence of complete n-manifolds (Mi, xi) → (X, x) with
k¯Mi(0, p, 1) ≤ δi → 0 then
(3.7.1) If there is a sequence of ǫi-splitting maps b
i : B2(xi)→ Rk, ǫi → 0, then
(B1(xi), xi)→ (B1(0, y), (0, y)) ⊂ (R
k × Y, (0, y))
where Y is a length space.
(3.7.2) If (Mi, xi) → (Rk × Y, (0, y)), then for ǫi → 0, any fixed r > 0, there are ǫi-splitting maps
bi : Br(x)→ Rk.
Let (X, d, ν) be as in Corollary 3.3. For each x ∈ X , a tangent cone (Tx, x∗) at x is a Gromov-Hausdorff
limit of (r−1i X, x) = (X, r
−1
i d, x), where ri → 0. Passing to a subsequence, we have that (r
−1
i Mi, xi) →
(Tx, x
∗) and by (2.6), k¯r−1
i
Mi
(0, p, 1) → 0. Then the splitting theorem Corollary 1.5 holds on Tx. Assume
that there exist some integer k > 0 and a length space Y such that
(Tx, x
∗) = (Rk × Y, (0, y∗)).
As in [3], let Rk = {x ∈ X, each Tx = Rk}, let R = ∪nk=1Rk be the regular set and let S = X \ R be the
singular set.
Just as in [3, Section 2] by using Theorem 3.7 and some basic geometric measure theory under local
doubling property (relative volume comparison (2.2)), we have ν(S) = 0 which is just Theorem 1.6.
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